University of Memphis

University of Memphis Digital Commons
Electronic Theses and Dissertations
4-22-2015

A Computational Study of Anisotropically Curved Nanoparticles
Binding to Lipid Membranes
Alexander David Olinger

Follow this and additional works at: https://digitalcommons.memphis.edu/etd

Recommended Citation
Olinger, Alexander David, "A Computational Study of Anisotropically Curved Nanoparticles Binding to Lipid
Membranes" (2015). Electronic Theses and Dissertations. 1159.
https://digitalcommons.memphis.edu/etd/1159

This Thesis is brought to you for free and open access by University of Memphis Digital Commons. It has been
accepted for inclusion in Electronic Theses and Dissertations by an authorized administrator of University of
Memphis Digital Commons. For more information, please contact khggerty@memphis.edu.

A COMPUTATIONAL STUDY OF ANISOTROPICALLY CURVED
NANOPARTICLES BINDING TO LIPID MEMBRANES
by
Alexander David Olinger

A Thesis
Submitted in Partial Fulfillment of the
Requirements for the Degree of
Master of Science
Major: Physics

The University of Memphis
May 2015

ACKNOWLEDGMENTS
There is not a section big enough to thanking the people who made this
research possible. I first have to thank my family for being there whenever I
needed them. Without the loving support of my parents I would never have the
opportunity to pursue science. I cannot thank my brother enough for being the
mentor and exemplar I have modeled almost all decisions after. My loving sister
deserves much credit for caring for and appreciating me. My friends have been
there emotionally and physically, but no friend more than Lee. Our struggles in
life, science and socially, have brought us together in the most disheartening of
times. If not for his compassion and wisdom, I would be a shell of myself.
My advisor Dr. Laradji deserves infinite credit for motivating me to my
fullest. By keeping me honest and reminding me to hold myself to the highest of
standards, he has nourished me to be able to excel in this difficult field. There
are many group members that have brought me great joy and helped me to
achieve many goals: Sudhir, Niraj, Charissa, Khan, and Asma, but none more
than Eric. To Eric I owe my life as a master’s student, and if this document is
dedicated to one physical person, it is he. Eric has taught me to code at a rate I
never would have achieved without him. His patience and diligence are second
to no ones on this earth, and I am forever grateful to call him a friend and
colleague.
However, this thesis is dedicated to God, for giving me the strength to
perform any of these tasks, and creating this complicated world and all its
splendid marvels that I have the pleasure of studying.

	
  

ii	
  

ABSTRACT
Alexander David Olinger, M. S. The University of Memphis, May 2015. A
Computational Study of Anisotropic Curved Nanoparticles Binding to Lipid
Membranes. Major Proffesor: Dr. Mohamed Laradji.
Many cellular processes require drastic change in the cells morphology.
Proteins help stimulate these morphological changes by binding to the
membranes surface and imposing their curvature on the structure. The
dynamics behind the collective generation of curvature in a membrane by a
group of proteins is still illusive. Using coarse grained molecular dynamics with a
langevin thermostat, we plan to shed light on these dynamics by modeling a
nanoparticle after one member of the BAR domain family of proteins (F-BAR
domains). This particular member of the family is gently curved compared to the
others and binds to the membrane only through their charged concave surface.
We attempt to show whether or not a group of nanoparticles of a given curvature
and adhesion strength (attraction to the membranes surface) is a meta-stable
configuration. We go as far as to define different morphologies based on their
average cluster size, number of monomers, and the probability distribution of
finding two adjacent nanoparticles a distance d away from each other. By
scaling down the system, we provide an explanation as to why these different
morphologies occur. We then explore the effect of nanoparticle number density
and lipid rigidity on the types of morphologies generated.
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CHAPTER 1
INTRODUCTION
Every cell in our body is surrounded in a protective membrane comprised
of lipids and other macromolecules. The function of this coating is to help the cell
survive by denying foreign particles access but granting essential nutrients
admittance when necessary. A lipid molecule (which is a fatty acid), being the
main constituent of the membranes in our body, is an amphiphilic molecule
containing a hydrophilic carboxyl group for its head and a hydrophilic
hydrocarbon chain as the tail. If not for the polar nature of lipids, they would not
be able to perform their necessary functions. The self-assembly of lipids into
structures of various complexity is driven by the hydrophobic effect.
The complexity of the structure formed by lipids is dependent on the value
of the packing factor (relative size of its head compared to its tail) of the lipids
composing it [1]. The lipids are similar to the average phospholipids comprising
about half the mass of our cell membranes [1]. The fact that the lipid structure
surrounding the cell is not covalently bonded, but held together by energy on the
order of the thermal energy of the environment (~kBT), allows the membrane to
be affected by macromolecules in their vicinity. Other amphiphilic molecules may
wish to minimize their hydrophobic regions exposure to the solvent, and do so by
embedding themselves in the membrane. One example is cholesterol, a lipid
with a very small head group and a bulky steroid skeleton in place of a
hydrocarbon chain (packing factor less than one). The embedding of cholesterol
in a membrane induces order amongst the tails, but disorder amongst the heads,
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leading to a peculiar phase, called the liquid-ordered phase (Fig. 1.1),
characterized by the presence of chain order and lack of translational order [2].
This allows macromolecules such as ion pumps and trans-membrane proteins to
perform vital tasks only made possible by the pressure experienced within the
membrane [1]. An example of a macromolecule that contains an amphiphilic helix
that seeks out regions in the membrane of low lipid density (possibly induced by
cholesterol) is the N-BAR domain.

FIG. 1.1: A coarse-grained illustration of a lipid membrane. Cholesterol,
containing a small hydrophilic head (yellow particles) and a bulky side tail (brown
particles), allows for other molecules to embed themselves in the membrane by
inducing order in the lipid chains (blue particles) and translational disorder
amongst the head groups (red particles).
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The BAR (Bin-Amphyphysin-Rvs) domain family of proteins is a bundle of
alpha-helical coiled-coils that create a crescent-shaped dimer, ranging in
curvature from gently curved F-BAR domains, to more curved N-BAR domains,
to even gently but inversely curved I-BAR domains [3,4,5-8]. Fig. 1.2 shows a
PDB (Protein Data Bank) image of an F- BAR domain [4]. All curvatures of BARdomains are known to have positively charged residues on their concave
surfaces, attracting them to the typically negatively charged membranes [9]. It
has been shown that already bound proteins are able to seek out regions having
a curvature similar to their own (curvature sensing). N-BAR domains insert an
amphiphilic helix into the less dense, curved regions of the membrane, thus
stabilizing the membranes local curvature (amphiphilic wedge insertion) [10].
The binding of proteins to membranes via their charged concave surface
followed by inducing curvature in the membrane is a process known as
scaffolding [10]. Experimentally, it has been found that many of these proteins
(mainly F-BAR and I-BAR) do not have amphiphilic wedges but are still able to
scaffold membranes, sense curvature friendly regions, and stabilize curvature
generation [3,4,6,7,9-11]. The role of curvature generation by these proteins in
many cellular processes has motivated research groups to study them
experimentally, but the dynamics behind protein scaffolding is still quite illusive.
The role of BAR domains play in cellular processes is well known. BAR
domains, along with the caveolin family of proteins, are the macromolecules
responsible for the smooth shape of the endoplasmic reticulum [11-13]. By
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FIG. 1.2: A PDB image of an amphiphysin BAR domain, consisting of a coiled
coil of alpha helical bundles in a crescent shape, having a charged concave
surface with which it scaffolds membranes. (PDB ID:1URU [4])

binding to and interacting through membrane attractions, F-BAR proteins have
been shown to aggregate, inducing protein-protein oligomerization, induced
membrane fission, and further polymerization of local actin cytoskeleton [14].
Frost et al. [10] have shown, using cryo-electron imaging, that upon binding to
membranes, the oligomerization of F-BAR proteins is so high that they create
well ordered structures, inducing tubulation of the lipid membrane (see Fig.1.3).
An experiment by Sorre et al. (shown in Fig. 1.4) has shown that proteins do
prefer binding to curvature friendly regions by extending tubules out of vesicles.
The experiment showed that at low protein densities the proteins prefer to bind to
the tubule rather than the vesicle but at high protein densities they favor both
structures, creating long tubules matching the proteins curvature and dimples on
the vesicles surface [15]. It is also a well-known fact that the curvature of
clatherin-coated pits is driven by the N-BAR domain espin [5,16,17]. To
understand the individual and collective efforts of BAR domains binding to
membranes, many groups use computational simulations.
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Using atomistic molecular dynamics simulations by Voth et al., it has been
shown that individual BAR domains are able to bend a membrane in an attempt
to impose their curvature on the membrane [9,18,19,20-23]. The level of
curvature induced is dependent thoroughly on the orientation of the protein to the
membranes surface, a factor that is easily predicated by the amphiphilic helices
[18,20,22,23]. Simulations prove these helices are able to stabilize curvature by
seeking out low

FIG. 1.3: A. Striations of F-BAR domains bound to a cylindrical membrane. This
structure is highly oligomerized, where the proteins have a tip-to-tip binding
affinity. There is also a zoomed in view of the system (B), as well as a cross
sectional view (C). [14]
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lipid density regions, a fact that is hard to prove experimentally [18,20,22,23].
Staggered arrangements of proteins on a membranes surface can induce a
global curvature in the membrane that depends on the staggered arrangement (if
placed linearly, a ripple was observed) [9,19,24]. This shows the importance of
the spatial orientation of the proteins. The degree of curvature induced is
dependent on whether or not the proteins have an oligomerization energy and
where exactly on the proteins they prefer to bind to one another (side-by-side,
end-to-end, etc.) [9,11,19,24].
Using residue based coarse-grained simulations and mean field
calculations, tubulation and vesiculation of membranes by BAR domains have
been proven to be energetically possible [11,18,19,21,24]. It has been shown
that for tubulation to occur at low protein densities, an anisotropic curvature
contribution from the proteins locally is required, while vesiculation at higher
protein densities requires an imposed local curvature that is isotropic [18,21,25].
The anisotropic/isotropic nature of curvature could be dependant on the spatial
orientation of each protein comprising the lattice [11,18,25]. Although these
states have been proven to exist, the dynamic route taken by proteins to create
such structures is still highly unresolved. It has been shown that curved proteins
on the surface of tubules or liposomes undergo aggregation that is mediated by
the membrane they are bound too, and that the degree of aggregation is
dependent on the mismatch between the radius of curvature of the protein and
lipid structure to which it is bound [11,19,26,27-29]. If there are no protein-protein
interactions within the lattice, tubulation cannot be sustained for F-BAR proteins.
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F-BAR domains have helices that were thought to keep them upright, but do not
in the low protein density limit [9]. Both the side bound and upright bound states
were verified to exist using mean-field calculations and residue based coarsegrained simulations [3,9,20].
It is still unresolved how proteins of a given curvature, with a given
attraction to the membrane, aggregate to form structures on the surface of
membranes. Most studies up to this point provide us with information about a
single BAR domain or a lattice of BAR domains. A super-lattice of proteins will be

FIG 1.4: (a) The volume fraction of N-BAR domains bound to the vesicle as a
function of their concentration in solution. (b) A giant vesicle (red fluorescence)
being grabbed by a micropipette to control tension and having a tubule extended
out of it using optical tweezers. The N-BAR domains (green fluorescence) prefer
binding to the tubule over the vesicle at this concentration. (c) The system at a
high concentration of domains showing that they will bind to the vesicle, creating
a rippled morphology. [12]
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placed above a coarse-grained bilayer or vesicle, or a deformation field will be
allowed to act upon a lipid structure in the form of an elastic sheet, and the
resulting curvature generated is analyzed [1-3,5-8,10]. These studies have
provided insight on requirements for specific membrane morphologies to exist
(i.e. tubules) but not on the dynamic route taken to achieve such structures.
Using coarse-grained molecular dynamics with an implicit solvent and a
Langevin thermostat, I am able to provide a dynamic picture of how nanoparticles
modeled after F- BAR domains (low curvature and no amphiphilic wedge) are
able to bind to a membrane and change its morphology. The level of detail
achieved in our membrane model is not observed in other models, where at best
the membrane is coarse-grained into either a layer of single particles each with
an orientational degree of freedom or a 2D elastic sheet embedded in 3D space.
By randomly orienting our nanoparticles (anisotropic curved crescent shaped
nanoparticles having a charged concave surface attracted to the heads of the
lipids) above membranes and allowing them to interact, we have shown that
indeed there is an induced effective attraction between proteins that scaffold
membranes, in spite of the existence of an explicit repulsive potential.
Understanding the energetic costs of bending a membrane into a new
morphology from a planar one will help us to understand why our coarse-grained
nanoparticles behave the way they do when bound to a membrane.
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CHAPTER 2
MEMBRANE SHAPING PROTEINS: THE ENERGETIC COST OF BENDING
MEMBRANES

2.1 THE HELFRICH HAMILTONIAN
A lipid membrane in an elastic sheet comprised of individual
macromolecules that prefer to be straight (it is energetically costly to restrict a
lipids chains orientational degrees of freedom). Therefore, bending this
membrane to a state having nonzero curvature requires energy. In 1973,
Helfrich proposed the following very successful harmonic Hamiltonian of lipid
membranes [30]:
E bend =

⎡ 1
⎤
2
dA ⎢ κ (Κ − 2c 0 ) + κ ΚG ⎥
⎣ 2
⎦
membrane

∫

(2.1)

with the integral over the area of the membrane, K=c1+c2 being the net local
€ of the membrane where c =1/R and c =1/R are the local principal
curvature
1
1
2
2

curvatures, and c0 is the spontaneous curvature (see Fig. 2.1). KG=c1c2 is the
local Gaussian curvature. κ and κ are the bending modulus and saddle splay
modulus of the membrane, respectively.
€
€
In the Monge parameterization of the membrane as a function h(x,y), the

element of area dA = dxdy 1+ (∇h) 2 . If we assume that we are in the limit of
gentle deformations of the membrane (i.e. for R1 and R2 much lager than the

€ of the membrane which is around 5 nm), the Helfrich theory can be
thickness
used to extract the bending modulus and the elastic modulus of the membrane.
The main purpose of studying such a Hamiltonian (for us anyways) is to realize
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that it takes energy to bend a membrane. A membrane would prefer to minimize
the energy (having all curvatures equal to zero). However, if the bilayer has to
choose between being incredibly convoluted and having an average curvature far
from zero, or accommodating a shape that is more neutral in curvature, it will
choose the latter. This fact is the driving force behind why proteins scaffolding a
membrane tend to aggregate in the presence of one another: it can create a
more continuous curvature that is less frustrating for the membrane if the
proteins can act together to bend the membrane uniformly, as opposed to
drastically bending the membrane in multiple regions.
(see Fig. 2.2.1).

$()**+,&-"'!"#

$%&"'!%#
$"&"'!"#

!%#

!"#

FIG. 2.1.1: A depiction of the two principle curvatures C1 (orange) and C2 (green)
having radii R1 and R2 respectively of a surface. A depiction of a saddle region
(purple), having Rsaddle=-R1. The net curvature is zero, but the topology is still
very curved.
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2.2 PROTEINS REQUIRED TO STABILIZE MEMBRANE STRUCTURES
Using the Helfrich Hamiltonian, we can determine the energy required to
construct different membrane morphologies depicted in Fig. 2.2.1. We will first
analyze the energy associated with a planar bilayer (where all curvatures equal
zero) with no proteins bound to its surface. Evaluation of the integral in Eq. (2.1)
using the curvatures for a bilayer shows that Fplanar = 0 since the net curvature is
zero. The membrane would prefer to be as flat as possible when no proteins are

€
scaffolding it. Note that thermal fluctuations
will induce gentle fluctuations with
small curvature. However, in this mean field approach, thermally-induced
fluctuations of the membrane are neglected.
Let us assume that our membrane is an elastic tensionless sheet having a
curvature equal to zero in regions that are not scaffolded by proteins.
Furthermore, let us assume as well that the proteins are rigid with constant
curvature Rc and length l=πRc and that these will generate local isotropic
curvatures when scaffolding the membrane. For a given system containing N
proteins binding to a planar membrane, the energy required to deform the
membrane isotropically around each of the proteins is therefore
,

Fdimples = 4Nπκ

(2.2)

which is the number of proteins times the energy required to create a

€
hemispherical deformation
of radius Rc on the bilayer.
The total free energy of binding the N proteins on the membrane is diminished
by the favorable adhesion of the proteins. Therefore,

Fdimples = 4Nπκ + Neadh
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,

2.3

where eadh < 0 is the adhesion energy of a single protein. The threshold of
adhesion of the N proteins therefore occurs when Fdimple = 0, leading to
€

e*adh = −4 πκ in the case of a tensionless bilayer. This implies that a single protein
€
binds to the bilayer when the adhesion strength is lower than −4 πκ .

€

Now, let as assume that the proteins adhesion strength eadh ≤ e*adh . We will try to

€
find whether it is energetically more favorable for the proteins to be
€ hemispherical dimples, or it is
homogeneously dispersed on the bilayer creating
rather more favorable for the proteins to aggregate into a chain-like structure.
The proteins can either remain separated, or aggregate to form a cylinder.
Assuming the cylinder formed is long enough to ignore the end effects, the
energy associated with creating a cylindrical deformation on the membranes
surface of radius Rc using N proteins is as follows

Fchain =

πLκ
+ Neadh ,
Rc

(2.4)

and furthermore if we assume the length of the cylinder formed is L=Nw, where w

€
is the width of a protein,
then the free energy in Eq. (2.4) becomes
Fchain =

πNwκ
+ Neadh .
Rc

(2.5)

The protein cluster into chains if Fchain < Fdimples , that is if Rc > w /4.. This is

€
satisfied in the case of relatively long and thin proteins. Furthermore a

€ cluster of proteins in Eq. (2.5)
€ free energy of a chain
comparison between the
and that of a bare bilayer with unbound nanoparticles implies that the adhesion
threshold is in fact given by e*adh = −πwκ /Rc which has a magnitude smaller than

−4 πκ if Rc > w /4. This implies that the binding affinity of the protein is increased
€

€
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with increasing protein intrinsic radius of curvature (i.e., as the proteins become
more flat).
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FIG. 2.2.1: Top: A planar bilayer with no proteins bound to it, maintaining a
constant curvature of zero. Middle: A planar bilayer being rippled by proteins
bound to its surface. We assume the proteins act as rigid objects and create
isotropically curved local regions. Locations without proteins have a curvature o f
zero. Bottom: Proteins aggregating to form a cylindrical scaffold on the surface
on the membrane. The cylinder has two curvatures (c1=1/Rc and c2=0), while the
bilayer maintains its neutral curvature away from the proteins. The energy
associated with creating a cylindrical scaffold is less than that of the ripple state,
implying it is more favorable. This is why the protein aggregate upon scaffolding
the membrane.
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CHAPTER 3
MODELS AND METHODS

In our model, atoms or molecules are coarse-grained into beads in order
to reduce the total number of particles, and therefore computational time as well
as computer memory. This is very necessary since we are interested in the
collective behavior of a large number of proteins and their interaction with lipid
bilayers of size tens of nanometers times tens of nanometer in area. For
example, a simulation of a bilayer in a cube of size 20nm × 20nm × 20nm would
require around 107 atoms. Atomistic molecular simulations of a system over time

€
scales of microseconds to milliseconds is simply impossible. Hence, coarsegrained simulations are warranted.

3.1 INTERACTIONS POTENTIALS
Any two beads i and j in our simulation interact under the following
potential energy terms:
#

#

#

U(ri ) = "U oi, j (ri, j ) + "U bond (ri,i+1 ) + "U bend ( r i$1, r i , r i+1 )
i, j

i

i

(3.1)

with ri,j equal to the magnitude of the vector distance between the ith and jth

!
particles.
The first term represents the soft-core, short-range pair wise potential
between any two particles and is expressed in the following way:
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2
#
i, j
i, j (rm " r)
i, j
(U
"
U
)
+ U min
%
max
min
2
r
%%
3
2
i, j
i, j (rc " r)
i, j (rc " r)
U o (r) = $ "2U min
+ 3U min
(rc " rm ) 3
(rc " rm ) 2
%
0
%
%&

If r < rm
If rm < r < rc

(3.2)

If r > rc
	
  

where rm represents the equilibrium distance between any two beads, rc is the
!
cutoff distance beyond which two particles do not interact under this potential.
The constants Umax and Umin are constants that refer to how much the particles of
a particular type repel or attract each other. A graph of this potential is shown in
Fig. 3.1.1 for two values of Uoi,j , one repulsive (Umin =0 in red) and one attractive
(Umin > 0 in blue). The 2-body harmonic bonding term is of the following form:
i,i+1
U bond (ri,i+1 ) = kbond
(r " ai,i+1 ) 2

(3.3)

where kbond is the constant defining the bonds rigidity, and a is the preferred

!
equilibrium distance
between particles i and i+1. The last term in the interaction
potential is the 3-body harmonics bending term, and is as follows:

!
!
ri"1,i • ri,i+1 2
1 i"1,i,i+1
! ! !
i"1,i,i+1
U bend ( ri"1, ri , ri+1 ) = k bend (cos # o
" !
! )
2
| ri"1,i • ri,i+1 |

(3.4)

where kbend is the constant defining the rigidity of the bending interaction and θo is
the !
preferred angle between particles i-1, i, and i+1.
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FIG. 3.1.1: A graph of Uoi,j(r) vs r for two different pairs of the constants Umax and
Umin.

3.2 COARSE-GRAINING LIPIDS AND NANOPARTICLES
In our model [31,32] we coarse-grain the lipids by taking groups of atoms
and making them into beads based on their charge properties properties. Each
lipid has a coarse-grained hydrophilic head group consisting of one bead and a
hydrophobic tail region consisting of two beads (Fig 3.1.2). The beads within a
given lipid are connected to each other by a harmonic potential, and a 3-body
harmonic bending potential. These two potentials provide integrity and rigidity to
a lipid particle.
The initial positions of the lipid particles are in sheets spanning the x,yplane of the system and at a height that is half the system size in the z-direction
for a planar bilayer. For our spherical vesicles, the lipids are initially in shells that
increase in radius and are centered at the center of our system. This is done to
decrease the amount of time that is required for the system to equilibrate, even
though it is unnecessary for their self-assembly.
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FIG. 3.1.2: The coarse-graining of a lipid molecule into two hydrophobic tail
bead and one hydrophilic head bead. 2-body harmonic bonding interactions with
a preferred distance a=.7nm keep the lipids bound, while 3-body interactions with
a preferred angle of 180° maintain lipid rigidity. The soft core pair wise
interaction U°i,,j is attractive amongst the tail beads allowing the lipids to
aggregate without solvent present.

Our nanoparticle is similar to a coarse grained F-BAR domain containing
no helices. The beads used to create the nanoparticles are similar to the ones
used for the lipids. Each nanoparticle is constructed with 480 beads placed
initially in a rectangular configuration of size 30nm x 3nm x 3nm centered at the
origin of our system, with the 120 particles in the bottom layer being of one type
(BL or BLN, referring to BL of the Nth nanoparticle), and the 360 particles in the
top layers another type (TL or TLN, referring to TL of the Nth nanoparticle). Each
particle is connected to its nearest neighbor by the 2-body bonding potential. If

	
  

18	
  

FIG. 3.1.3: The coarse graining of the nanoparticle into 2 types of beads.
The attractive bottom side is represented by 120 lime green. Arrows represent
the interactions composing the nanoparticle. 2-body and 3-body Hookian
interaction potentials are used to hold the nanoparticle together and maintain its
structural rigidity.

two particles are adjacent in the y-direction in Fig. 3.1.3 then regardless of the
layer the particles preferred equilibrium position is the same. However, for
adjacent particles that run along the x-direction of the nanoparticle the preferred
bond length is different from layer to layer. In order to induce curvature in the
structure, the preferred bond length is increased from layer 1 to layer 4. Different
bond lengths allow us to generate various curvatures. By keeping the preferred
separation distance in layer 1 relatively the same for different curvatures we are
able to maintain approximately the same surface area interacting with the
membrane.
The bending potential is also used to maintain the rigidity of the
nanoparticle. The red arrows in Fig. 3.1.3 show the 3-body bending potential
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used to make the nanoparticle rigid in the z-direction. Particles in that
configuration prefer to accommodate 180° amongst themselves. Similar bonds
exist between any three linear adjacent particles going into the page,
represented by the orange X’s (y-direction). These bonds also extend throughout
the nanoparticle. The green arrows represent the 3-body potential used to
stabilize the faces of the nanoparticle. Any three particles that are in that
configuration have a three body potential between that prefers an angle of 90°
degrees amongst themselves.
Each particle undergoes a 2-D or 3-D rotation through a random angle
and then gets translated by a random displacement. Feeding a random seed into
the Mersienne Twist algorithm allows us to generate these random variables.
This leaves the nanoparticles 5nm above the surface of lipid structure, with its
attractive concave surface (layer 1 particles) facing toward the membrane. A
distance check is done between their beads to make sure that no two
nanoparticles are initially overlapping.

3.3 INTERACTION PARAMETERS
The constants associated with the soft core potential between any two
types of particles in my simulations are chosen as follows:
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for the attractive constants, and
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(3.6)

for the repulsive constants, where n is an integer or half integer between 1 and
!

5. Umin = -6ε between the tail particles to replicate the existence of solvent
particles in the system (implicit solvent interaction). The nanoparticles are
attracted to the membrane via the bottom layer particles (BL or BLN). Therefore
the value of Umin between particles of type BL/BLN and the head particles is
always negative and ranges from -1ε to -5ε. However, from now on I shall refer
to the adhesion strength of nanoparticles to the membrane as ζ=|Umin| which can
take on the values 1ε, 1.5ε, 2ε, 2.5ε, 3ε, 3.5ε, 4ε, 4.5ε, 5ε in order of increasing
adhesion strength.
The constants chosen for the 2-body harmonic interaction used for the
lipid are kbend=100ε (for most runs, sometimes kbend=0ε to allow lipid flexibility)
and a=0.7nm. For the 3-body harmonic interaction, the preferred angle between
all three particles is 180°, and kbend=100ε. These values allow the lipid to
maintain their rigidity, thus making it energetically unfavorable to decrease their
conformations and induce curvature inthe membrane.
For the nanoparticle, the preferred angles of the 3-body harmonic
interactions were listed above in describing Fig. 3.1.3, for which all bonds have
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kbend=1 000ε. Also all the 2-body harmonic interactions have kbend=1 000ε.
These values of rigidity were chosen early on by allowing single nanoparticles
with varying rigidities to bind to vesicles of different sizes (see Fig. 3.3.1).
kbond=kbend=1 000ε was chosen to allow the nanoparticle to maintain rigidity
(maintain its curvature and not dissipate energy in the form of shearing), but also
be slightly flexible, allowing binding at lower values of ζ. The preferred distance
between any two adjacent particles is 1 unless they are adjacent in the xdirection. The constants associated with inducing a given curvature of

Radius of Curvature of Nanoparticle (nm)

nanoparticle are as follows (all having units of nm):
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FIG. 3.3.1: The curvature of a nanoparticle vs preferred radius of the vesicle to
which it is binding for systems containing various sized vesicles interacting with a
nanoparticle having Rc=11nm and ζ=3ε for various nanoparticle bonding and
bending rigidities. The black has kbond/bend=400ε, red has kbond/bend=800ε, green
has kbond/bend=1 000ε, blue has kbond/bend=1 200ε, and orange has kbond/bend=1
400ε.
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(3.7)

Creating vectors out of the distance vector between particles in layer 1 and their
!
radially outward layer 4 counterparts, we can calculate Rc. We find the angle
between any two adjacent vectors along the x-direction along with the distance
between the two layer 1 particles used in constructing the vectors. An average of
these angles and distances is obtained, and Rc is calculated by taking the ratio of
the average distances (arc length) to the average angle, assuming our
nanoparticle is uniformly curved.

3.4 MOLECULAR DYNAMICS WITH A LANGEVIN THERMOSTAT
Motion of the particles in my system is achieved using molecular dynamics
with a Langevin thermostat. This method involves numerically solving equations
of motion relating the forces felt by each particle in the system. The equations of
motion dictating the trajectory of the ith particle are the following:
mi

!

!
d !
!
v i (t) = "# iU " $ iv i (t) + W i (t)
dt

(3.8)

d 

ri (t) = v i (t)
dt

(3.9)



where mi is the mass of particle i, ri (t) is its vector position, and v i (t) is its

€
velocity. The first term is the conservative force commonly represented as the
€
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gradient of the interaction potential coming from nearby particles. The second
term is a frictional force having a friction coefficient γ arising from the dissipation
of energy with the implicit solvent. The last term is a random force felt by every
particle and is used to make sure the system maintains thermal equilibrium
(langevin thermostat). Making sure the random forces felt by each particle are
uncorrelated from particle to particle and over time while having zero mean
!
ensures thermal equilibrium is accomplished. This implies W i (t) satisfies the

following equations:

!
W i (t) = 0

!

!
!
W i (t) • W j ( t") = 6k b T# i$ i, j$ (t % t")

(3.10)
(3.11)

!
The reduced units of time are defined as " = rmin (m /# )1/ 2 with ε ≈kBT being the
!
energy scale of my simulations. The time and length scales associated with our

! l ≈1-3 nm [31,32]. Periodic boundary
reduced units are τ ≈16.25 ns and
conditions are used in all my simulations, where the size of my system is limited
in each direction between 0 and some maximum size.

3.5 SOLVING THE EQUATIONS OF MOTIONS: VELOCITY-VERLET
ALGORITHM
To integrate the equations of motion continuously for even a small system
would be unfeasible. This fact motivates us to solve the equations analytically,
treating time as a discrete unit. A common technique in molecular dynamics is to


solve for ri (t) and v i (t) using a Taylor Series expansion of each around our time

€
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step Δt, but ignoring higher order terms past order 2. This expansion takes on
the following form:


f (t)



ri (t + Δt) = ri (t) + v i (t)Δt + i Δt 2
2mi

(3.12)



f i (t + Δt) − f i (t)


v i (t + Δt) = v i (t) +
Δt
2mi

(3.13)
€

f (t)
with i equal to the acceleration of particle i. The lower the value of the time
€mi
step, the slower it is for the systems to progress through time. However, there is

€

more error when the time step is increased. Also, the kinetics of the system may
happen at rates that require a smaller time step. For this reason, my
nanoparticles having Rc=11nm are able to be ran with Δt=.01τ, while my other
nanoparticle with higher curvatures require Δt=.0075τ to maintain the
nanoparticles rigid, curved structure.
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CHAPTER 4
RESULTS AND DISCUSSION

4.1 THE ABILITY OF A SINGLE NANOPARTICLE TO SCAFFOLD
The ability for a single nanoparticle to bind to a membrane is dependent
on 4 parameters: the nanoparticles adhesion energy (ξ), its rigidity, its intrinsic
curvature (Rc), and the lipids areal density (ρ). The areal density describes how
much tension is in the membrane.

Low areal densities imply tension in the

membrane, while high areal densities imply the membrane can be in a buckled
state. If the nanoparticle has its concave surface exposed to a membrane, then
there is a competition between the energy gain due to adhesion of the
nanoparticle to the membrane and the energy cost of bending the membrane.
As Rc approaches the curvature of the membrane to which it wants to bind, its
affinity to bind increases. As was demonstrated in Chapter 2, through mean field
arguments, a balance of the energies associated with this system (ζ vs Ebend)
causes the nanoparticles to aggregate. The form of the nanoparticle oligomer is
a balance of all the factors previously mentioned that dictate its willingness to
bind.
To understand what state the nanoparticle would prefer when put under
various tensions and adhesion strengths, we first studied a single nanoparticle
binding to a constant-area bilayer composed of 10 000 lipids at different values of
the adhesion strength and lipid area densities. In particular, we focused on three
possible states of the nanoparticle, corresponding to adsorbed, side bound, and
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fully bound states. These states are depicted in Fig. 4.1.1. The snapshots are
from the system represented by the black line that went through all three states
in the course of the simulation. In this simulation, ρ=3.2nm-2 (which is higher
then that of a tensionless membrane ρ=3.1nm-2), and ζ=1ε. Fig. 4.1.1 shows that
the adsorbed state of the nanoparticle has the highest energy, corresponding to
E ≈ -15ε. This is because in this case, the nanoparticle is only in contact with the
membrane through its end beads (around 8 beads). The adhesion strength of the
nanoparticle is not high enough to immediately bend the membrane. Once the
nanoparticles’ side is exposed to the membrane it falls over, increasing the
number of contact beads of the nanoparticle to 40 and decreasing its energy to a
more favorable state having energy E ≈ -150ε. Due to the nanoparticle rigidity,
the region of the membrane in contact with it is constrained to be flat. This is
energetically unfavorable since the membrane is buckled at this lipid density.
Since the nanoparticle is free to diffuse on the surface of the membrane, it does
so until it finds a region with appropriate curvature (see Appendix A2 for a system
with side bound particles diffusing). This is the most energetically favorable state,
having an energy E≈-500ε. The membrane suffers very little energy loss since
the nanoparticle has not changed the membranes curvature much, and all 120
beads that are on the nanoparticle’s concave surface are now in contact with the
membrane.
The willingness of the membrane to buckle drives the nanoparticle to fully
bind and bend the membrane. The following interesting question then arises:
What if the tension of the membrane is relatively high, preventing the membrane
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FIG. 4.1.1: The binding energy of the nanoparticle vs time for three different
simulations all having one nanoparticle with Rc=11nm binding to a constant area
membrane containing 10 000 lipids ran for 37 000τ. The green systems
nanoparticle has ζ=1ε and membrane has ρ=3.15nm-2, the black system has
ζ=1ε and ρ=3.20nm-2, and red system has ζ=2ε and ρ=3.20nm-2.

from easily bending? To answer this question, I ran a simulation with the same
parameters as simulation I (represented by the black line in Fig. 4.1.1) but with a
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lipid areal density ρ= 3.15nm-2 (simulation II). The energy of simulation II is
shown by the green curve in figure 4.1.1. I found that the nanoparticle remained
in the upright, adsorbed state, for slightly longer time than in simulation I (black
curve in Fig. 4.1.1). Eventually the nanoparticle flipped into the side bound state,
but within the simulation time was not able to fully bend the membrane. The
results we obtained for the energy associated with both states are the same as
those associated with the nanoparticle binding to a higher lipid density and are
represented by the green line on the graph. Since the area was forced to be
constant, then the membrane at a lower areal density (being in a tense state)
requires higher adhesion strength in order for the nanoparticle to scaffold the
membrane.
I put my previous conclusion to the test by running one more simulation
with an areal density ρ=3.15nm-2 but double the adhesion strength from ζ=1ε to
2ε: Simulation III, depicted by the red line in Fig. 4.1.1. Within 10 τ the
nanoparticle is able to scaffold the membrane. The energy associated with this
state is shown by the red graph and is approximately E=-1 250ε. This energy is
lower than that the full binding energy associated with ζ=1ε (Simulation II) since
the energy associated with a bead from layer 1 of the nanoparticle coming in
contact with a head bead is twice as much. When the adhesion strength is
strong enough, then regardless of tension on the membrane, the nanoparticle is
able to fully bind thus forcing the membrane to curve.
4.2 SELF-ASSEMBLY OF ANISOTROPICALLY CURVED NANOPARTICLES
DRIVEN BY LIPID BILAYERS
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In this section, we will focus on the effect of an ensemble of nanoparticles
on the morphology of vesicles and membrane-mediated self-assembly of the
nanoparticles. In Fig. 4.2.1, we show equilibrium snapshots of systems with 200
nanoparticles having an intrinsic curvature Rc=7.5 nm and Rc=11 nm on a vesicle
of diameter 130 nm and containing 180 000 lipids. The snapshots are at
adhesion strengths ζ=1ε, 2ε, 3ε, 4ε, and 5ε. These systems are ran for over 100
000 τ (corresponding to 750 or 1000 time steps depending on the value of Rc).
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FIG. 4.2.1: A phase diagram of morphologies of lipid vesicles of diameter 130 nm
containing 180 000 lipids being shaped by 200 nanoparticles having various values of Rc
and |Umin|. The green particles represent the particles constructing our nanoparticles,
while the red are blue are the coarse-grained lipid head and tail particles, respectively.

The phase diagram in Fig. 4.2.1 shows that there is a threshold adhesion
strength ψ*, below which nanoparticles do not able to bind to the membrane. In
particular, this phase diagram shows that for Rc=7.5nm, ψ * ≤ 2ε and that for
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€

Rc=11nm, ψ * ≤ 1ε . The kinetics behind the aggregation of the nanoparticles in
those systems is different then those for higher adhesion strengths (see

€
Appendix
A3 for snapshots at various times). In the system with Rc=7.5nm and
ζ=2ε, a small fraction of the nanoparticles fully bind to the membrane within 1
000τ, but the remaining nanoparticles remained in the upright, adsorbed state
and diffuse on the vesicle’s surface until curvature-friendly locations are found for
full binding (Appendix A1 shows this on a smaller scale, A2 and A3 on larger
scales). The same kinetics was observed in the system with Rc=11nm and ζ=1ε,
but after 1 000 τ the adsorbed nanoparticles fell into the side-bound state which
was shown to be energetically more favorable when the membrane is in a tense
state. The fact that ψ* increases with increasing adhesion strength was
discussed in Chapter 2, where we have shown that the threshold adhesion
strength for full binding of a nanoparticle increases with increasing nanoparticle
curvature.
Fig. 4.2.1 shows that for relatively small values of the adhesion strength,
but larger than the threshold ψ*, the nanoparticles cluster into chain like
structures with the average size of the chains decreasing as the adhesion
strength is further increased. The formation of the chains was discussed in
Chapter 2. There, we argued using the Helfrich elastic free energy of the
membrane, that the competition between the loss in energy resulting from the
nanoparticles adsorption and the increase in energy resulting from the bilayer
curvature lead to the stability of long chains.
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From Fig. 4.2.1, one notes that as the adhesion strength, ζ, is increased
past ψ* for a given Rc, the nanoparticles prefer to sequester themselves from one
another on the membranes surface. This trend is true for all values of Rc. Over
this range of adhesion strengths the deviation from chain-like structures to starlike structures is more dramatic in systems with nanoparticles having Rc=11nm.
This issue will be discussed later in much more details

4.3 CHARACTERIZATION OF THE CLUSTERING OF THE NANOPARTICLES
ON THE VESICLES
The change in the morphologies from chain-like to star-like upon
increasing ζ for a given Rc inspired us to characterize the morphologies shown in
our phase diagram. We begin by defining a cluster as a group of two or more
nanoparticles that are aligned side-by-side. If a nanoparticle is not in this sideby-side configuration with any other nanoparticles but is fully bound to the
membrane, then we call it a monomer. A clustering algorithm was then used to
count the number of clusters by determining the distance between the centers of
mass of all the nanoparticles. If two nanoparticles centers of mass are within the
cutoff distance (rcutoff =9 nm), then they are considered as part of the same
cluster. In particular, we extracted both the average cluster size and the number
of monomers for each parameter set.
Figs. 4.3.1 and 4.3.2 show respectively the number of monomers and the
average cluster size for systems with Rc=11 nm on a vesicle with diameter 130
nm and for the adhesion strength, ζ varying between 1.0 and 5.0 ε. Systems with
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integer values of the adhesion energy the morphologies are shown in the phase
diagram of Fig. 4.2.1. The main result of Figs. 4.3.1 and 4.3.2 is that the average
cluster size decreases, with increasing adhesion energy. This is directly
correlated to the star-like formation of the nanoparticle oligomers, as shown by
the snapshots of Fig. 4.2.1.
Fig. 4.3.2, where the number of monomers vs time for the same systems
shown in Fig. 4.3.1, demonstrates that as the adhesion strength of the
nanoparticles increases, the number of monomers increases, indicative of the
star-like formation of the nanoparticle oligomers. This graph correlates well with
the previous one: as the average cluster size decreases, the number of
monomers should increase. Qualitatively similar results were obtained for the
nanoparticles with Rc=7.5nm.
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FIG. 4.3.1: A graph of the average cluster size vs time for 7 different systems
having nanoparticles with the same curvature (Rc=11 nm) binding to similar
vesicles having a diameter of 130 nm containing 180 000 lipids. The difference
in the systems is the adhesion energy: black to ζ= 1.0ε, red to ζ= 1.5ε, green to
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ζ= 2.0ε, blue to ζ= 2.5ε, orange to ζ= 3.0ε, violet to ζ= 4.0ε, and cyan to ζ= 5.0ε.
As the adhesion strength increases, the average cluster size decreases.

Average Cluster SIze

5

4

3

2
0

1e+05

time (!)

FIG. 4.3.2: A graph of the number of monomers vs time for 7 different systems
having nanoparticles with the same curvature (Rc=11 nm) binding to similar
vesicles having a diameter of 130 nm containing 180 000 lipids. The difference
in the systems is the adhesion energy: black to ζ= 1.0ε, red to ζ= 1.5ε, green to
ζ= 2.0ε, blue to ζ= 2.5ε, orange to ζ= 3.0ε, violet to ζ= 4.0ε, and cyan to ζ= 5.0ε.
The number of monomers increases with increasing adhesion strength.
Using the data obtained for both nanoparticle curvatures at late times, we
attempted to find a relationship between the number of monomers and the
average cluster size at different adhesion energies. The average cluster and
number of monomers vs the adhesion strength, ζ, are depicted in Figs. 4.3.3 and
4.3.4 respectively for nanoparticles with Rc=7.5 nm (red data points) and 11 nm
(black data points). Once again, for integer values of ζ, the morphologies are
depicted in the phase diagram of Fig. 4.2.1.
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FIG. 4.3.3: (a) Average cluster size vs adhesion strength for systems all having
200 nanoparticles (Rc=7.5 nm in red and Rc=11 nm in black) binding to a vesicle
having a diameter of 130 nm containing 180 000 lipids at times greater than 75
000 τ.
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FIG. 4.3.4: (a) Number of monomers vs adhesion strength for systems all having
200 nanoparticles (Rc=7.5 nm in red and Rc=11 nm in black) binding to a vesicle
having a diameter of 130 nm containing 180 000 lipids at times greater than 75
000 τ.

	
  

35	
  

Fig. 4.3.3 shows that over this range of adhesion strengths we considered,
the nanoparticles with Rc=11nm always bind to the vesicle, while the higher
curvature nanoparticles (Rc=7.5nm) have trouble binding to the bilayer at low
values of ζ. Each nanoparticle has an adhesion strength at which the
nanoparticles adhere to the membrane without fully bending it (ψ*=1ε for
Rc=11nm and ψ*=2ε for Rc=7.5nm). This increase in the value of ψ* at higher
nanoparticle Rc is related to two factors. One is the nanoparticles ability to
expose its concave surface to the membrane. Nanoparticles with higher
curvature have a harder time exposing their concave surface to the membrane.
This was discussed using the Helfrich free energy of the bilayer in Chapter 2.
Second, scaffolding of the membrane is much harder for proteins with more
curvature. The free energy increase in deforming the membrane to such high
curvatures must be compensated by high adhesion energies. When the
adhesion energy is high enough, then regardless of curvature the nanoparticles
can bind and shape the vesicle. As one approaches the maximum values of
adhesion energy used, the average cluster sizes converge to the value of 2,
which is the lowest value of cluster size in our clusters definition, indicating the
propensity to form star-like configurations regardless of nanoparticle curvature.
A similar trend exists for the graph of the number of monomers, but the values
converge at lower adhesion strengths, where the nanoparticles cannot bind. Fig.
4.3.4 furthermore shows that the number of monomers is always higher for
Rc=11nm than for Rc=7.5nm, in agreement with the snapshots of Fig. 4.2.1
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where we clearly see that at the adhesion strength of ζ= 3.0ε for example, the
number of monomers is clearly higher for Rc=11nm than for Rc=7.5nm.

4.4 DIFFUSION AS A FUNCTION OF ADHESION STRENGTH
The lack of covalent bonds between lipids within a membrane allows the
lipids to diffuse. The membrane is therefore a quasi-two-dimensional fluid sheet
thereby allowing for a vast array of morphologies, which has been the subject of
a large amount of experimental and theoretical studies in the past. Here, we are
concerned with the diffusion of the nanoparticles on the bilayer, and in particular,
we want to determine whether the adhesion strength has a strong effect on the
nanoparticles diffusion and whether the configurational phase diagram in Fig.
4.2.1 is the result of limited diffusion of the nanoparticles or is rather an
equilibrium phase diagram determined by the minimization of the free energy of
the system. In order to obtain diffusion properties of our nanoparticle on the
surface of the membrane, we need to extract the mean square displacement of
the nanoparticle as a function of time. This is done using the following equation:
2

( Δr ( j)) =

1
N − j +1

N− j

∑ [r (i + j) − r(i)]

2

,

4.4.1

i=0

where i and j are two different discrete times, N is the final time of my simulation,

and €
r (t) is the center of mass position of the nanoparticle at a given time. We

know that the bound nanoparticles in our system should follow Einstein’s
€

Diffusion relationship, which asserts that in two-dimensional diffusion, for a given
time the mean square displacement of a molecule is related to the amount of
time in the following way:
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< Δr(t) > 2 = 4Dt ,

4.4.2

where D is the diffusion coefficient of the molecule.
€We then ran 7 simulations containing 1 nanoparticle with R =11nm binding
c

to a planar bilayer of constant area 59nm X 59nm containing 10 000 lipids ran at
constant areal density ρ=3.2nm-2 and for 200 000τ storing our particles positions
every 100τ in order to get an ensemble average over initial times. The mean
square displacement vs. time was plotted in a double logarithmic plot for ζ=1.5ε,
2ε, 2.5ε, 3ε, 3.5ε, 4ε, and 5ε. The intercepts of the graphs with the y-axis provide
the diffusion coefficients. The diffusion coefficients shown in Fig. 4.4.1 indicate
that there is a slight decrease in the diffusion coefficient as one increases the
adhesion strength of the nanoparticle, but the diffusion coefficient of the
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FIG. 4.4.1: The diffusion coefficient vs adhesion strength. There is no major
difference in the nanoparticles diffusion at various adhesion strengths, at least
within the window of allowable values shown by our averaged runs.

nanoparticle is not always the same for a given adhesion strength. For example,
at ζ=3.5ε, the value of D ranges from .001 to .0825. This range of D values is
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within the range of diffusion coefficients obtained at any value of ζ. This implies
that within the acceptable range of D values, the diffusion of the nanoparticle is
the same, regardless of ζ. It should be noted that the values of D do not differ by
an order of magnitude, implying that the stars formed for high values of the
adhesion strength are not the result of limited diffusion of the nanoparticles.

4.5 ORIENTATION OF LIPIDS AROUND THE NANOPARTICLE
The oligomers formed by the nanoparticles in the phase diagram at high
adhesion strengths are not due to the freezing of the lipids underneath the
nanoparticle: the lipids are freely able to diffuse past the nanoparticles since the
the value of D for the nanoparticle isn’t a function of ζ. This still leaves one
wondering why the star-like configurations are stable over long times. The global
curvature generated by the chain-like configurations is apparently less costly due
to its uniformity. Therefore, we ask the question: Why do the nanoparticles then
cluster into stars than chains for large values of the adhesion strength?
We began to study the orientation of lipids that were in contact with a
nanoparticle. Our goal is to characterize the lipids orientation as a function of
their distance from the nanoparticle. In turn, this should provide us with the shape
of the lipid membrane in the vicinity of the nanoparticle. Fig. 4.5.1 shows how
we plan on characterizing the lipid orientation, Θ, as a function of its distance D
from the nanoparticle. The green arrow represents a normalized orientation
vector associated with the nanoparticle and the orange vector is a normalized
head-to-tail vector for any lipid in the upper leafet within rcutoff = 5nm of a particle
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in layer 1 of the nanoparticle. The absolute value of their dot product is plotted
as a function the head particles’ distance D (the yellow line) from the midsection
of the nanoparticle (the dashed black line).

#

!"

FIG. 4.5.1: The cross section of a nanoparticle on a lipid bilayer. The yellow line
represents the distance D of a lipid head particle from the median veritical plane
bisecting the nanoparticle (shown by the black dashed line). The green vector is
normal to the median plane and the orange vector is the head-to-tail vector for
the lipid. The dot product of the normalized vectors is |cos θ|.
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FIG. 4.5.2: |cos(θ)| vs D plotted for the lipids within rcutoff =5nm of the particles in
layer 1 of a nanoparticle with Rc=11nm having various adhesion strengths bound
to a 59nm X 59nm lipid bilayer containing 10 000 lipids having a constant areal
density of ρ=3.20nm-2. The black simulation has ζ=1.0ε, the red has ζ=1.5ε, the
green has ζ=2.0ε, the blue has ζ=2.5ε, the violet has ζ=3.0ε, the yellow has
ζ=4.0ε, and the orange has ζ=5.0ε. As the adhesion strength increases, the
membrane gets more curved around the nanoparticle.
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The data for cos θ vs the distance D is shown in Fig. 4.5.2 for a single
nanoparticle with Rc=11nm on a planar bilayer, of area 59nm X 59 nm and a lipid
-2
€
density ρ=3.20nm
, with varying values of the adhesion strength. Note the edge

of the nanoparticle is located at D=1.5nm. For low values of ζ, the lipids remain
in the same orientation having a tilt of cos θ ≈ 0.17 corresponding to θ ≈ 80 o . We
note that this is the average orientation of lipids in a bare lipid bilayer at this lipid

€
€
density, and is the result of thermal
fluctuations. As the adhesion strength is
increased to 2ε and beyond, the lipids begin to change their orientation as they
get further from the nanoparticles midsection. The change in orientation is more
dramatic for higher adhesion strengths, but also happens at a faster rate. The
fact that this behavior is pronounced at D values close to the nanoparticle implies
the lipids are attempting to engulf the nanoparticle, thus increasing the
membranes curvature in that region.
Beyond the peak of the graphs in Fig. 4.5.2, the orientation decays at a
rate slower than the rate associated with its climb to that orientation. One should
note the lipids do not ever decay to an orientation of .17 associated with ζ=1.0ε:
the curved state of the membrane persists at long length scales. This is to
compensate for the drastic increase in curvature around the nanoparticle. For
our case with the highest adhesion strength, the maximum orientation that the
lipids attains is cos θ ≈ 0.33 | which corresponds to θ ≈ 71o . This implies that the
membrane forms a saddle around the nanoparticle, and therefore should prevent

€
€
other nanoparticles
from clustering in the same region. The lipids would have a
hard time engulfing a nanoparticle in that region due to the large amount of
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existing curvature energy (tension). The generation of membrane curvature
perpendicular to the nonzero curvature of my nanoparticle implies the creation of
saddle points in the membrane. Since saddle regions have a net curvature of
zero, the membrane suffers little energy increase from bending.
To get a clearer picture of just how the membrane is distorted, we obtain
surface profiles of two of the systems from Fig. 4.5.2: for systems with ζ=2.0ε
and ζ=5.0ε shown in figures 4.5.3 and 4.5.4 respectively. By taking an ensemble
average of the average z position of any lipid head particle within a small
plaquette composing the x,y-plane, we were able to obtain a surface profile of the
membrane surrounding the nanoparticle. The surface profile was viewed by
outputting the (x,y) position of each plaquette along with its average z position.
The same averaging technique was done for the nanoparticle, and both were
rendered together.
For ζ=2.0ε, the membrane is not perturbed underneath the nanoparticle.
This gentle curvature of the membrane should allow other nanoparticles to
aggregate and accommodate the nearby region. When ζ=5.0ε, the nanoparticle
clamps onto the membrane and generates regions of high curvature in its close
proximity. One also clearly sees that this highly curved state of the membrane
persists at long length scales D > 1.5nm, which should prevent nanoparticles
from easily binding in that region.
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FIG. 4.5.3: The average height profile of a nanoparticle having adhesion
strength ζ=2ε and all the lipids within 5 nm of any particle in layer 1. The
simulation was done with a 59nm X 59nm planar bilayer of constant areal density
ρ=3.2nm-2 ran for 100 000τ.

FIG. 4.5.3: The average height profile of a nanoparticle having adhesion
strength ζ=5ε and all the lipids within 5 nm of any particle in layer 1. The
simulation was done with a 59nm X 59nm planar bilayer of constant areal density
ρ=3.2nm-2 ran for 100 000τ.
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With an understanding of why the membrane curves the way it does as
the adhesion strength of the nanoparticles is increased, we can try again to
explain what we see in the phase diagram. Regardless of the curvature of the
nanoparticle, one sees that the chains still exist at high adhesion strengths. If
these saddle regions are so favorable, and binding in regions near nanoparticles
becomes more difficult as adhesion strength is increased, then why do we not
get all monomers in the extreme cases of ζ?

4.6 EFFECTIVE NANOPARTICLE INTERACTION PONTENTIAL
To understand why at low values of the adhesion strength, the
nanoparticles do not form all chain-like structures and at high adhesion strengths
they do not form all star-like structures, we decided to take a simplified approach
and study 2 nanoparticles having Rc=11nm bound to a 59nm X 59nm planar
bilayer containing 10 000 lipids ran at constant areal density of ρ=3.2nm-2 for 20
000τ. We ran these simulations at values of the adhesion strength ranging from
ζ=1.0ε to 5ε. After letting the system equilibrate (a third of the way through the
simulation time), we extracted each nanoparticles center of mass every 10τ and
calculated the distance between their centers of mass (d). These distances were
then used to get the distance probability distributions. Snapshots from two of the
simulations having ζ=1.5ε and ζ=5.0ε are shown in figures 4.6.1 and 4.6.2,
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FIG. 4.6.1: Snapshots of the same system, but at different angles, containing 2
nanoparticles having Rc=11nm and ζ=1.5ε binding to a 59nm X 59nm planar
bilayer containing 10 000 lipids at constant pressure for 40 000 τ. The lack of
bulge between the nanoparticles allows them to cluster.
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FIG. 4.6.2: Snapshots of the same system, but at different angles, containing 2
nanoparticles with Rc=11 and ζ=5ε binding to a 59nm X 59nm planar bilayer
containing 10 000 lipids at constant pressure for 40 000 τ. The creation of saddle
points creates a bulge between the nanoparticles, preventing clustering.
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FIG. 4.6.3: The probability distribution of the distance between two nanoparticles
for the system with ζ=1.5ε shown in figure 4.6.1 (in black) and the system with
ζ=5.0ε shown in figure 4.6.2(in red).
respectively. Fig. 4.6.3 depicts the distance probability distribution for both
simulations, with ζ=1.5ε and ζ=5.0ε.
Fig. 4.6.3 shows that the distance distribution for ζ=1.5ε has a peak at
about d=5 nm and is practically zero for d > 10 nm. The peak in the distribution at
d=5nm is indicative of the chain-like formation. The probability below d=4nm is
zero due to the hard-core repulsion between the beads constructing the
nanoparticles: the cutoff of the interaction between the particles is 1nm and the
width of the nanoparticle is 3nm. This distance distribution implies that the
nanoparticles are effectively attracted to each other. Since the interaction
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potential between two nanoparticles is repulsive, the underlying membrane on
which the nanoparticles are bound must mediate this effective attraction.
We now turn our attention to the distance distribution for the case of
ζ=5.0ε (red curve in Fig. 4.6.3). We see that the distribution is shifted and is
centered at d=22nm and is spread over the range d=20nm to 23nm. The
nanoparticles take on an orthogonal configuration in Fig. 4.6.2, creating saddle
regions surrounding each nanoparticle. In this manner the lipids are able to
surround each nanoparticle as much as possible. Furthermore, the saddle
regions generated by each nanoparticle create highly curved bulges on both
sides of the nanoparticles. In contrast, the cross-sectional view for the ζ=1.5ε
system shows that there is no bulge.
In order for the nanoparticles to reorient themselves they must force the
membrane to change its shape, which is energetically unfavorable. Thus, when
the nanoparticles try to decrease the angle between them, they get forced back
into their orthogonal positions to minimize the curvature energy. Similarly, when
the nanoparticles try to accommodate angles between them that are greater than
90°, they get attracted back towards the orthogonal state to minimize the
curvature energy. Therefore there is an effective attraction and repulsion felt by
the nanoparticles, and their states are reminiscent of the states associated with a
potential having short range repulsion and long range attractions. The lack of
bulge, or curvature induced in the membrane, at low adhesion energies allows
the nanoparticles to accommodate the chain–like configuration.
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The success of explaining the behavior of the 2 nanoparticles systems
with the distance probability distribution led us to attempt to find similar
distributions for an ensemble of nanoparticles on vesicles shown in the phase
diagram of Fig. 4.2.1. We define two adjacent nanoparticles if any of their beads
are within a cutoff distance rcutff=1.5nm. We then followed the exact same
process as the 2 nanoparticle systems: we calculated the distance between any
two adjacent nanoparticles and kept track of them as a function of time, then
created a probability distribution of the distance between adjacent nanoparticles.
The distributions for systems containing 200 nanoparticles with Rc=11nm binding
to a vesicles with diameter 130nm containing 180 000 lipids at constant pressure
having adhesion strengths ζ=1.5ε (in black) and ζ=5.0ε (in red) are shown in Fig.
4.6.4.
There are many differences in these distributions and their 2 nanoparticle
counterparts. In the case of 200 nanoparticles, at ζ=1.5ε we have a similar peak
located at d=5nm and maximum probability of 80%. However, at this adhesion
strength, one observes an additional hump at d=17nm which is not present in the
2 nanoparticle distribution. This hump is due to the fact that there is still slight
star like clustering of the nanoparticles even at ζ=1.5ε. Indeed, the morphologies
on the phase diagram at ζ=1.0ε and ζ=2.0ε are not completely chain-like. Since
there are so many nanoparticles binding to the membrane, the curvature
changes at all regions of the vesicle on a local scale when the nanoparticles first
bind. This motivates nanoparticles to bind in places that may form a star-like
oligomer. However, upon binding in this star-like state, tension is induced in the
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FIG. 4.6.4: The probability distribution of the distance between adjacent
nanoparticles for two systems in the phase diagram in figure 4.2.1. Both systems
have Rc=11nm, but one has an adhesion strength 1ε (the black plot) and one has
a much stronger adhesion strength 5ε (the red plot).
membrane, allowing adhered or side bound nanoparticles to diffuse and form
chains, which is clearly the dominant theme of the distribution and the
morphology.
A similar comparison can be made for the high adhesion strength case
corresponding to ζ=5.0ε. Fig. 4.6.4 shows that the peak associated with the 2
nanoparticle distribution at high distances is also present, but is reduced by two
nearby peaks at d=17 nm and d= 26nm, in addition to the peak at d= 5nm. The
peak at ζ=5.0ε is simply due to the presence of several dimmers even at this high
value of the adhesion strength as demonstrated by the snapshots of Fig. 4.2.1.
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Not only are there new peaks at d=17nm and d=26nm, but there is also a
lot of noise in the distribution in that region. The noise exists for two reasons.
First, similar to the two nanoparticle system, the nanoparticles oscillate around
their preferred position, which can create the spread in the distribution. Second,
the high spatial confinement forces the nanoparticles to take on a large variety of
orientations. Thus, there are more available values of d associated with this
large variety in orientations that differ from the more prevalent ones (30°,
60°,90°,etc). We would like to say that the peaks in the distances are related to
angular orientations amongst adjacent proteins, but this requires more studies to
deduce that fact.

4.7 EFFECT OF PROTEIN NUMBER DENSITY
Previous experiments showed that the willingness of BAR domains to bind
to large vesicles has a dependence on the number density of proteins in solution
[14]. We decided to study the effect of nanoparticle number density on the
morphologies of vesicles to which they bind at two adhesion strengths, ζ=1.0ε
and ζ=3.0ε. For each adhesion strength we ran three simulations using
nanoparticles with Rc=11 nm binding to a vesicle of diameter 130nm containing
180 000 lipids having 100, 150, and 200 nanoparticles. Each simulation is run
for 100 000τ. The morphologies of the systems having nanoparticles with ζ=3.0ε
are shown in Fig. 4.7.1 and ζ=1.0ε are shown in Fig. 4.7.2. The probability
distributions of the distance between adjacent nanoparticles are shown next to
each respective set of morphologies.
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First we will focus on the case where ζ=3.0ε. By this point we know what
to expect for the morphology of the 200 nanoparticle case. At this attraction
strength we expect that they’re to be a nice mixture between star-like and chainlike oligomers, which is quite visible in the top morphology in Fig. 4.7.1. The
distribution associated with this morphology has two sharp peaks, one at the
chain-like formation distance d=5nm and another at d=17nm.
As we decrease the number of nanoparticles in the system from 200 to
150, we notice that the morphologies look quite similar. Notice that the overall
shape of the distribution doesn’t change as we go to 150 nanoparticles, just
some slight differences. The number of smaller, triangular shaped oligomers
decreases, and the nanoparticles fan out around large circular regions. This
leads to a less defined peak at d=17nm and a spreading of the distribution
around that point. Also, there are still some chain-like formations but the
probability associated with them has decreased compared to the 200
nanoparticle system. There is a broadening of the distribution in this region as
well which is correlated to the nanoparticles ability to spread out more and reach
distances further from their equilibrium points since more free surface area is
available. All these trends hold true when the number of nanoparticles is
decreased even further to 100. The effect is much more dramatic due to the
larger amount of free space available to the nanoparticles.
We now turn our attention to the systems having a low adhesion energy of
ζ=1.0ε. For the 200 nanoparticle system shown in the bottom of Fig. 4.7.2 we
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FIG. 4.7.1: Three snapshots and their associated adjacent nanoparticle distance
probability distribution for systems containing the same size vesicle having a
diameter of 130 nm containing 180 000 lipids and having nanoparticles with the
same radius of curvature of Rc=11nm and ζ=3.0ε but having different number of
nanoparticles binding to them: 100 nanoparticles(bottom picture, green plot),
150 nanoparticles (middle picture, black plot), and 200 nanoparticles (top picture,
red plot).
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FIG. 4.7.2: Three snapshots and their associated adjacent nanoparticle distance
probability distribution for systems containing the same size vesicle having a
diameter of 130 nm containing 180 000 lipids and having nanoparticles with the
same radius of curvature Rc=11nm and ζ=1.0ε but having different numbers of
nanoparticles binding to them: 100 nanoparticles(bottom picture, green plot),
150 nanoparticles (middle picture, black plot), and 200 nanoparticles (top picture,
red plot).
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get mainly chain-like oligomers with some triangular shaped aggregates as well.
The triangular shape has a nanoparticle distance of 17nm associated with it that
is indicative in the distribution by a peak at d=17nm. We hope that as we
decrease the number density further the nanoparticles will be able to seek out
curvature friendly regions and create only chain-like oligomers.
As the number of nanoparticles is decreased to 150, the triangle formation
is still there in relatively the same amount. At this number density of
nanoparticles their collective binding induces a large enough variation in the local
curvature that it is energetically favorable for nanoparticles to bind and create a
few star-like aggregates. If we take the number density down even further, we
see that not all the nanoparticles bind. The adhesion strength is too weak to
allow immediate binding of the few nanoparticles in the vicinity of the vesicle.
Also, the curvature induced locally is quite low since the binding of nanoparticles
at curvature friendly regions induces tension in other regions. This leads to the
inability of some nanoparticles to be able to adsorb to the membranes surface,
leaving them to freely diffuse through space. However, a lot of nanoparticles take
on either the adsorbed, side bound, or full binding states.
The distribution related to the 100 nanoparticle system has a sharp peak
at d=5nm and no peak elsewhere, implying all chainlike oligomers. This is in
agreement with the top morphology of Fig. 4.7.2. The binding of the
nanoparticles initially to the membrane induced tension in the membrane. This
tension is why nanoparticles can accommodate the side bound state and diffuse
on the membranes surface, only binding when their curvature matches that of the
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membrane. Already bound nanoparticles are excellent regions where new
nanoparticles can fully bind due to curvature matching

4.8 EFFECT OF LIPID RIGIDITY
For the membrane to accommodate a curvature that differs from its
intrinsic curvature it has to force the lipids composing the membrane to compress
their tail particles. This requires energy to be stored in the form of the three body
potential: The lipids prefer to be straight but now have been compressed to an
angle that is less than their preferred 180 degrees. What if compressing the
lipids to a bent state did not require opposing the three-body interaction? We
decided to see how the morphologies of the vesicles changed under high
adhesion strength in this situation.
To study the effects of changing lipid rigidity we ran a simulation identical
to the one shown in the phase diagram for ζ=5.0ε for 200 nanoparticles having a
preferred radius of curvature Rc=11nm but with a vesicle containing lipids having
kbend=0ε. The morphology of this system after 100 000τ is shown in figure 4.8.1,
along with the same system, but for kbend=100ε. In the case of kbend=100ε, we
see from the data presented in section 4.3 that the average cluster size is around
two. This is clear when viewing the morphology of the system: the nanoparticles
are in a star-like arrangement, but there are still plenty of dimers visible. The
probability distribution of the average distance between adjacent nanoparticles
(shown in black in Fig. 4.8.2) also indicates the existence of dimers by having a
25% chance of finding the nanoparticles a distance of 5 nm apart. The peaks at
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d=17, 22, and 26nm are still present and indicate the different orientations
accommodated amongst the nanoparticles. The morphology of the vesicle with
kbend=0ε is overall quite similar to that for the more rigid lipids. The nanoparticles
prefer to form star-like aggregates. However, the amount of bulges on the
membrane is higher in the case of kbend=0ε than in the case of kbend=100ε. This
is due to the fact that the membrane can accommodate larger curvatures. Since
the lipids can easily bend, the membrane doesn’t mind bending to allow the
nanoparticles to increase their net interaction with the lipids. This fact is
exemplified in the adjacent nanoparticle distance probability distribution for this
system (shown in red), which has a probability of finding the nanoparticles next to
each other that is an order of magnitude less than the rigid lipid case (2.5% vs
25%). The distribution has more defined peaks at d=17, 22, and 26 nm, but has
a wide spread around those points, showing nanoparticles at separation
distances unachievable in the rigid case. This increase in available separation
distances could be related to the new orientations achievable by adjacent
nanoparticles. The nanoparticles can take on these new orientations because the
membrane is willing to bend: the nanoparticles are free to sequester themselves
easier since the lipids are able to accommodate highly bent states.
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FIG. 4.8.1: Snapshots from two systems containing 200 nanoparticles binding to
a vesicle of diameter 130nm containing 180 000 lipids ran for 75 000 Τ and
having the same ζ=5ε. The three body interaction for the lipids in the top system
is kbend = 100ε, while in the bottom picture kbend = 0ε. The membrane in the
bottom picture can accommodate much more curved states of bending due to the
willingness of the lipids to bend.
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FIG. 4.8.2: The probability distribution of the distance between adjacent
nanoparticles for the two systems shown in figure 4.8.1. The red plot is for the
system having less rigid lipids (kbend = 0ε) and the black plot is for the system with
more rigid lipids (kbend = 100ε).
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CHAPTER 5
CONCLUSION

To summarize, we have been able to coarse-grain anisotropically curved
nanoparticles, akin to an F-BAR domain containing no amphiphallic helices,
binding to various membrane structures. We proved that the ability of the
nanoparticle to accommodate various states is dependent upon four factors:
membrane rigidity, nanoparticle curvature, nanoparticle adhesion strength, and
the areal density of the lipids. Using a nanoparticle rigidity that allows it to
scaffold membranes without drastically compensating its intrinsic curvature, we
found the states available to the nanoparticle on a lipid bilayer: adhesion, side
binding, and scaffolding. Theses are all predicated by the competition between
bending energy lost and adhesion energy gained by scaffolding: if the membrane
is too tense and the adhesion strength is too low, it costs too much energy for the
membrane to bend since the adhesion energy gained is too small, but high
adhesion strengths allow the membrane to conform to the nanoparticle since the
energy gain through adhesion compensates for the increase in energy due to
curvature of the membrane.
We then used our knowledge of the ability of a nanoparticle to scaffold to
understand large systems containing 200 nanoparticles adhering to a large
130nm diameter vesicle. We see that at different values of ζ and Rc we obtain
drastically different morphologies. The dependence of a nanoparticle binding on
the adhesion strength is directly correlated to its intrinsic curvature: the higher the
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curvature, the more adhesion energy is required to scaffold the membrane. We
found that there is a threshold value of the adhesion energy ψ* that allows the
nanoparticle to accommodate either adsorbed (Rc=7.5 nm) or side bound (Rc=11
nm) states, provoking their search for curvature friendly regions, resulting in the
aggregation of chain-like oligomers. We attempted to determine why the
morphologies go from chain-like to star-like as the adhesion strength of the
nanoparticles increases.
We then characterized the structures of the morphologies shown in the
phase diagram using the average cluster size and number of monomers as a
function of time. This data was used to determine a trend in the cluster size and
number of monomers at late times for different values of ζ. It was observed that
the structures transform from chain-like (having a higher average cluster size and
low number of monomers) to star-like (low average cluster size, high number of
monomers) as the adhesion strength is increased. Over this range of adhesion
strengths (ζ=1ε to 5ε) we found that the nanoparticles with Rc=11nm are able to
become more star-like compared to the highly curved nanoparticles.
We then studied the diffusion properties of the nanoparticles on the
membrane using a single nanoparticle simulation on a planar bilayer. We found
that there is a slight decrease in the diffusion coefficient of the nanoparticle as we
increase the adhesion strength, but this decrease is not significant. Furthermore,
the diffusion coefficient of nanoparticles with the same adhesion strength was
found to vary over the values obtained at any adhesion strength, further implying
a lack of dependence of D on ζ.
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Since the motion of the nanoparticles is not hindered by the diffusion of
the lipids around it, we studied the morphology of the membrane around each
nanoparticle to see if the membranes configuration hinders the nanoparticles
mobility. We found that the nanoparticles induce saddle regions in the
membrane around them at high values of ζ, creating bulges in regions between
nanoparticles, thereby preventing the formation of chain-like structures.
However, at low values of ζ the membrane is gently curved, allowing
nanoparticles to accommodate positions that are side-by-side. The existence of
saddle regions is clearly shown in the average height profile of the lipids around
the nanoparticle.
To see if the saddle regions affect the orientation of the nanoparticles, we
invesigated planar bilayers with 2 nanoparticle bound to them at constant area
for different values of ζ. For low adhesions strengths (ζ=2ε), the nanoparticles
are found to form dimmers most of the time. This state is favorable due to the
lack of bulging of the membrane between the nanoparticles. The probability
distribution of the distance between the two nanoparticles averaged over time is
reminiscent of an attractive potential. In contrast, for strongly adhering
nanoparticles, the nanoparticles create dramatic saddle regions around one
another, motivated by wanting to spread out on the surface of the membrane to
be engulfed in lipids. There is a huge bulge in the membrane, causing the
nanoparticles to take an orthogonal orientation. This is because the bulge
causes the nanoparticles to return to their equilibrium configuration upon trying to
reorient themselves. The probability distribution of the nanoparticles distance
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from one another averaged over time is reminiscent of an effective potential
energy between nanoparticles that is induced by the underlying bilayer, which
have a short-range repulsion and a long-range attraction.
We also determined distributions of separation between nanoparticles for
the case of vesicles of diameter 130 nm with 200 nanoparticles. We found
similar distributions as those found for the 2 nanoparticle systems, but the
distribution for low values of ζ had features that were characteristic of the
distributions obtained for high values of ζ and vice versa. We determine this is
due to the confinement of the nanoparticles on the surface of the vesicle: the
high number density of nanoparticles creates states that are not available
otherwise.
This inspired us to study systems with similar properties but having
various number densities of nanoparticles (100, 150 and 200). We found that
regardless of nanoparticle number density the aggregation of the nanoparticles is
quite similar. For high values of ζ, and in the case of fewer nanoparticles per unit
area, they can reorient themselves and accommodate orientations that are not
possible in the case of high nanoparticles areal number density. This is shown
by the spread of the peaks in the adjacent nanoparticle distance probability
distribution.
For lower adhesion strengths, we see that at lower number densities, not
all nanoparticles are able to adhere to the membrane. This is because there is
not enough change in the local curvature of the membrane due to the low
number of nanoparticles. When nanoparticles initially bind, they create curvature
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in the membrane around them, but tension in the membrane far from them. This
induced tension allows the nanoparticles to accommodate adhered states and
side bound states, fully binding when they find regions of favorable curvature.
This is shown clearly in the adjacent nanoparticle distance probability distribution,
having one peak at d=5nm signifying all chain-like oligomers. As the number
density of nanoparticles is increased, there become more curvature friendly
regions for the nanoparticles to bind. This causes the nanoparticles to take on
star-like configurations, and is indicated by the emergence of a hump in the
distribution at d=17nm.
We then investigated the effect of membrane rigidity on the aggregation
morphology of the nanoparticles. By changing the lipids bending rigidity to
kbend=0ε, the membrane became more flexible, and therefore able to
accommodate much more curved states. At high adhesion strengths (ζ=5ε), we
found that the propensity of the nanoparticles to form chain-like oligomers
decreases since the bulge keeping nanoparticles form sequestering them is quite
malleable. This allows the nanoparticles to achieve configurations that maximize
their exposure to the lipids, and is indicated in the adjacent nanoparticle distance
distribution by the reduction of the chain like aggregate peak at d=5nm, and the
emergence of more states around d=17, 22, and 26nm.
The distribution of the nanoparticles on the surface of vesicles could be
metastable, or could be true equilibrium states. Understanding whether or not
this is the case requires being able to calculate the contribution to the free energy
of the system from entropy, which is very difficult. Extending our studies of
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flexible membranes interacting with nanoparticles at lower adhesion strengths
could also provide more insight. Determining whether the distance between
adjacent nanoparticle distributions are related to the orientation of the
nanoparticles could shed light on the morphologies we obtained in our
simulations. We would also like to see if these trends extend over all
nanoparticle number densities by using vesicles of different sizes (see Appendix
A2). These are some of our future plans related to this project. We are
appreciative that computational simulations have allowed use to gain more
information on the dynamics associated with membrane mediated nanoparticle
aggregation. Hopefully this information will provide future research groups with
vital information required to synthesize more effective medicines and drug
delivery systems.
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APPENDIX A

Including snapshots over time of all my systems would be unfeasible.
However, it is important to understand at what time scales the morphologies of
these systems are changing. This appendix was included to allow one to
understand these time scales. These snapshots also show the states the
nanoparticles occupy while aggregating into various oligomers.

FIG. A.1: Snapshots at different times of a system containing 5 nanoparticles
having Rc=7.5nm and ζ=2.5ε binding to a bilayer of size 59nm X 59nm containing
10 000 lipids ran for 20 000τ ran at a constant areal density of ρ=3.2nm-2. The
snapshots are taken at 100τ (top left), 1 000τ (top right), 6 000τ (bottom left), and
13 000Τ (bottom right).
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FIG. A.2: Snapshots at different times of a system containing 50 nanoparticles
having Rc=11nm and ζ=1ε binding to a vesicle of diameter 84nm containing 75
000 lipids ran for 13 500τ. The snapshots were taken at 100τ (top left), 5 000τ
(top right), and 13 500τ (bottom center).
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FIG. A.3: Snapshots at different times of a system containing 200 nanoparticles
having Rc=7.5nm and ζ=2ε binding to a vesicle of diameter 130nm containing
180 000 lipids ran for 70 000τ. The snapshots were taken at 1 000τ (top left), 35
000τ (top right), and 70 000τ (bottom center).
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FIG A.4: Snapshots at different times of a system containing 200 nanoparticles
having Rc=11nm and ζ=1.5ε binding to a vesicle of diameter 130nm containing
180 000 lipids ran for 250 000τ. The snapshots were taken at 1 000τ (top left),
50 000τ (top right), and 150 000τ (bottom left), and 250 000τ (bottom right).
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